We study the conditions under which an almost Hermitian structure (G, J) of general natural lift type on the cotangent bundle T * M of a Riemannian manifold (M, g) is Kählerian. First, we obtain the algebraic conditions under which the manifold (T * M, G, J) is almost Hermitian. Next we get the integrability conditions for the almost complex structure J, then the conditions under which the associated 2-form is closed. The manifold (T * M, G, J) is Kählerian iff it is almost Kählerian and the almost complex structure J is integrable. It follows that the family of Kählerian structures of above type on T * M depends on three essential parameters (one is a certain proportionality factor, the other two are parameters involved in the definition of J).
INTRODUCTION
The fundamental differences between the geometry of the cotangent bundle T * M and that of the tangent bundle T M of a Riemannian manifold (M, g), are due to the different construction of lifts to T * M , which cannot be defined just like in the case of T M (see [14] ).
The possibility to consider vertical, complete and horizontal lifts on T * M leads to interesting geometric structures, studied in the last years (see [5] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] ). Due to the duality tangent bundle-cotangent bundle, some of these results are very much similar to previous results for the tangent bundles.
In the present paper we study the conditions under which a structure (G, J) of general natural lift type on the cotangent bundle T * M of a Riemannian manifold M is a Kählerian structure. The similar problem for the tangent bundle was treated by Oproiu, in the paper [6] (see also [7] for the diagonal case). A part of the results from the papers [12] , [15] , [16] , may be obtained as particular cases from those in the present paper.
First we consider a tensor field J of type (1, 1) on T * M which is a general natural lift of the Riemannian metric g. The condition for J to define an almost complex structure on T * M leads to certain algebraic relations between the parameters involved in its definition. Four of the eight parameters involved in the definition of J may be obtained as (rational) functions of the other four parameters. The integrability condition for the almost complex structure J implies that the base manifold must have constant sectional curvature. Then some other relations fulfilled by the parameters and their derivatives are obtained, so that the essential parameters involved in the definition of the integrable almost complex structure are two.
In the next section we study the conditions under which a Riemannian metric G which is a general natural lift of g, is Hermitian with respect to J. We get that the structure (G, J) on T * M is almost Hermitian if and only if the coefficients c 1 , c 2 , c 3 , involved in the definition of the metric G are proportional to the coefficients a 1 , a 2 , a 3 , involved in definition of the almost complex structure J, with the proportionality factor λ, and the combinations c 1 + 2td 1 , c 2 + 2td 2 , c 3 + 2td 3 are proportional to a 1 + 2tb 1 , a 2 + 2tb 2 , a 3 + 2tb 3 , the proportionality factor being chosen of the form λ + 2tµ. The main result is that the structure (G, J) is Kählerian if and only if µ = λ ′ and the coefficients b 1 , b 2 , b 3 of the almost complex structure J may be expressed as certain rational functions of a 1 , a 2 , a 3 , and their derivatives. The condition for (G, J) to be Kählerian is obtained from the property for (G, J) to be almost Kählerian and the integrability property for J.
Some quite long computations have been done by using the Mathematica package RICCI for doing tensor calculations.
The manifolds, tensor fields and other geometric objects we consider in this paper are assumed to be differentiable of class C ∞ (i.e. smooth). We use the computations in local coordinates in a fixed local chart but many results may be expressed in an invariant form by using the vertical and horizontal lifts. The well known summation convention is used throughout this paper, the range of the indices h, i, j, k, l, m, r being always {1, . . . , n}.
PRELIMINARY RESULTS
Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its cotangent bundle by π : T * M −→ M . Recall that there is a structure of a 2n-dimensional smooth manifold on T * M , induced from the structure of smooth n-dimensional manifold of M . From every local chart (U, ϕ) = (U, x 1 , . . . , x n ) on M , it is induced a local chart (π −1 (U ), Φ) = (π −1 (U ), q 1 , . . . , q n , p 1 , . . . , p n ), on T * M , as follows. For a cotangent vector p ∈ π −1 (U ) ⊂ T * M , the first n local coordinates q 1 , . . . , q n are the local coordinates of its base point x = π(p) in the local chart (U, ϕ) (in fact we have
The last n local coordinates p 1 , . . . , p n of p ∈ π −1 (U ) are the vector space coordinates of p with respect to the natural basis (dx 1 π(p) , . . . , dx n π(p) ), defined by the local chart (U, ϕ), i.e. p = p i dx i π(p) . An M -tensor field of type (r, s) on T * M is defined by sets of n r+s components (functions depending on q i and p i ), with r upper indices and s lower indices, assigned to induced local charts (π −1 (U ), Φ) on T * M , such that the local coordinate change rule is that of the local coordinate components of a tensor field of type (r, s) on the base manifold M (see [4] for further details in the case of the tangent bundle). An usual tensor field of type (r, s) on M may be thought as an M -tensor field of type (r, s) on T * M . If the considered tensor field on M is covariant only, the corresponding M -tensor field on T * M may be identified with the induced (pullback by π) tensor field on T * M .
Some useful M -tensor fields on T * M may be obtained as follows. Let v, w : [0, ∞) −→ R be smooth functions and let p 2 = g −1 π(p) (p, p) be the square of the norm of the cotangent vector p ∈ π −1 (U ) (g −1 is the tensor field of type (2,0) having the components (g kl (x)), which are the entries of the inverse of the matrix (g ij (x)), defined by the components of g in the local chart (U, ϕ)).
Of course, all the above components are considered in the induced local chart (π −1 (U ), Φ).
The Levi Civita connection∇ of g defines a direct sum decomposition
of the tangent bundle to T * M into vertical distributions V T * M = Ker π * and the horizontal distribution HT * M .
. . , p n ) is a local chart on T * M , induced from the local chart (U, ϕ) = (U, x 1 , . . . , x n ), the local vector fields
, . . . , ∂ ∂pn on π −1 (U ) define a local frame for V T * M over π −1 (U ) and the local vector fields δ δq 1 , . . . , δ δq n define a local frame for HT * M over π −1 (U ), where
and Γ k ih (π(p)) are the Christoffel symbols of g. The set of vector fields {
δq n } defines a local frame on T * M , adapted to the direct sum decomposition (2.1).
We consider
the energy density defined by g in the cotangent vector p. We have t ∈ [0, ∞) for all p ∈ T * M . Roughly speaking, the natural lifts have coefficients as functions of the density energy only ( [1] , [2] , [3] ).
From now on we shall work in a fixed local chart (U, ϕ) on M and in the induced local chart (π −1 (U ), Φ) on T * M .
We may easily obtain the following LEMMA 2.1. If n > 1 and u, v are smooth functions on T * M such that either
on the domain of any induced local chart on T * M , then u = 0, v = 0.
THE INTEGRABILITY OF THE ALMOST COMPLEX STRUCTURES
The similar horizontal vector field on T * M is (p ♯ ) H , with the expression (p
Consider the real valued smooth functions a 1 , a 2 , a 3 , a 4 , b 1 , b 2 , b 3 , b 4 defined on [0, ∞) ⊂ R. We define a general natural tensor of type (1, 1) on T * M by its action on the horizontal and vertical lifts on
With respect to the local adapted frame {
..,n , the expressions of J become
where we have denoted by C = p V the Liouville vector-field on T * M and by C = (p ♯ ) H , the corresponding horizontal vector field on T * M .
We may write also 
Remark. From the conditions (3.3) we get that the coefficients a 1 , a 2 , a 1 + 2tb 1 , a 2 + 2tb 2 have the same sign and cannot vanish. We assume that a 1 > 0, a 2 > 0, a 1 + 2tb 1 > 0, a 2 + 2tb 2 > 0 for all t ≥ 0.
Remark. The relations (3.3) allow us to express two of the coefficients a 1 , a 2 , a 3 , b 1 , b 2 , b 3 , as functions of the other four; e.g. we have:
The integrability condition for the above almost complex structure J on a manifold M is characterized by the vanishing of its Nijenhuis tensor field N J , defined by
for all vector fields X and Y on M . 
Proof. From the condition N J ( 
Taking into account that the curvature of the base manifold does not depend on p, we differentiate with respect to p k in (3.7). Considering the value of this derivative in p = 0, we get
which is a function depending on q 1 , ..., q n only. According to the Schur's theorem, c must be a constant when n > 2 and M is connected. Using the condition of constant sectional curvature for the base manifold, we obtain from N J ( δ δq i , δ δq j ) = 0, the following expresions for a ′ 1 and a ′ 3 (3.9)
If we replace in (3.6) the expression of a ′ 3 and the relations (3.4), we may write a ′ 2 in the form
The values of a ′ 1 , a ′ 3 in (3.9) and a ′ 2 in (3.10) fulfill the vanishing condition for the vertical component of the Nijenhuis bracket N J (
The same expressions fulfill also the relation
, obtained by differentiating the first of the relation (3.3) with respect to t.
We may solve the system given by (3.6) and (3.9), with respect to b 1 , b 2 , b 3 . Taking (3.11) into account, we get the relations (3.5) from the theorem, which fulfill identically the expression of b 2 from (3.4).
Remark. In the diagonal case, where a 3 = 0 it follows b 3 = 0 too, and we have:
.
Thus we found some results from [13] and [16] , papers which have treated only the diagonal case.
KÄHLER STRUCTURES OF GENERAL NATURAL LIFT TYPE ON THE COTANGENT BUNDLE
In this section, we introduce a Riemannian metric G of general natural lift type on the cotangent bundle T * M , defined by
The expressions (4.1) in local coordinates become 
The metric G is almost Hermitian with respect to the general almost complex structure J, if
We prove the following result 
where the proportionality coefficients λ > 0 and λ + 2tµ > 0 are functions depending on t.
Proof. We use the local adapted frame { 
By using Lemma 2.1 we obtain that the coefficients of g ij , g ij , δ i j in the conditions (4.6) must vanish. It follows that the parameters c 1 , c 2 , c 3 , from the definition of the metric G, satisfy the homogeneous linear system of the form
The nontrivial solutions of (4.7) are given by the expression (4.4). From the vanishing condition for the coefficients of p i p j , g 0i g 0j , g 0i p j in (4.6), we obtain a much more complicated system, fulfilled by
In order to get a certain similitude with the above system (4.7), fulfilled by c 1 , c 2 , c 3 , we multiply the new equations by 2t and substract the equations of the system (4.7), respectively. The new system may be written in a form in which the new unknowns are c 1 + 2td 1 , c 2 + 2td 2 , c 3 + 2td 3 :
Then the nonzero solutions are given by the relation (4.5).
The conditions (4.3) are fullfield, due to the properties (3.4) of the coefficients of the almost complex structure J.
The explicit expressions of the coefficients
Remark. In the case when a 3 = 0, it follows that c 3 = d 3 = 0 and we obtain the almost Hermitian structure considered in [13] and [16] . Moreover, if λ = 1 and µ = 0, we obtain the almost Kählerian structure considered in the mentioned papers.
Considering the two-form Ω defined by the almost Hermitian structure
for all vector fields X, Y on T * M , we obtain the following result: 
where Dp i = dp i − Γ 0 ih dq h is the absolute differential of p i . Next, by calculating the exterior differential of Ω, we obtain: Proof. The differential of Ω is dΩ = (dλδ i j +dµg 0i p j +µdg 0i p j +µg 0i dp j )∧Dp i ∧dq j +(λδ i j +µg 0i p j )dDp i ∧dq j .
We first obtain the expressions of dλ, dµ, dg 0i and dDp i :
By substituting these relations in dΩ, using the properties of the external product, the symmetry of g ij , Γ h ij and the Bianchi identities, we get
Hence dΩ = 0 if and only if µ = λ ′ .
Remark. Thus the family of general natural almost Kählerian structures on T * M depends on five essential coefficients a 1 , a 3 , b 1 , b 3 , λ, which must satisfy the supplementary conditions a 1 > 0, a 1 + 2tb 1 > 0, λ > 0, λ + 2tµ > 0.
Combining the results from the theorems 4.1, 3.2 and 4.3 we may state Remark. The family of general natural Kählerian structures on T * M depends on three essential coefficients a 1 , a 3 , λ, which must satisfy the supplementary conditions a 1 > 0, a 1 + 2tb 1 > 0, λ > 0, λ + 2tλ ′ > 0, where b 1 is given by (3.5) .
Examples of such structures may be found in [12] , [13] , [16] .
